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ABSTRACT 

We call 1T = x 1  x2 . . .  xn an n-permutation of the elements  1 ,  2 . . . .  , n if 
each x 1  i s  a posit ive integer not exceeding n and � =I= xj for all i =I= j .  We refer to 
x 1 as the ith element of the permutation 1T. lf 1T1 = x 1 x2 . . .  Xn and 7T2 = 
y 1 y 2 . . .  y n are two n-permutation s, we say that 7T1 precedes 1T2 if there exists 
a positive interger k not exceeding n such that xi = Ya for all i < k and xk < Y k ·  
I f  no such integer k exists, then xi = Yi for all i and we say that the permutations 
are equal. We shall wr ite 1T1 < 1T2 if 7Tl precedes 7T2 , and 7T1 = 7T2 if they are equal. 
We know that there are exactly n !  permutations on 1, 2 ,  . . .  , n . It is easy to see 
that for any two n-pennutations 1T 1 and 1T 2 ,  exactly one of the following holds: 
1r 1 = 1r2 , rr1 < 1r2 , 1r2 < 1r 1 •  Furthem1ore, if 1r1 < 1r2 and 1r2 < 1r3 then 1r 1  < 1r3 . 
Thus, < is a linear ordering on the n-permutations. This is called the lexicographic 
orderinK. 

I f  exactly r d istinct permutations precede 1T, we say that 1T ha s rank r + l .  
Thu s, 1 23 . . . n has rank n and n . . .  32 1 ha s rank n !  We shaH denote by rank 
( 7T) the rank of 1T. 

Three main prob lems are dealt with in this paper. The first is the computa­
tion of the rank of a given permutation, the second is the determination of the 
permutation with a given rank, and the third is the lexicographic enumeration of 
n-permutat ions. 

The Rank of an n-Permutation. 

For convenience, let us define the index of the permutation 1T = x 1  x2 . . .  Xn 
to be ind (1r) = x1 x2 . . .  Xn , where Xi is  the number of subscript s j  > i such that Xj 
< xi . Clearly, 0 � x1 � n-i for each i. In particular, xn = 0. As an example, if 1r = 
3 1 642 5 .  then ind(1r) = 203 1 00. I t  should be remarked that if n > 9 ,  then we should 
use the notation 1T = (x. ' x2 , . . .  ' xn) and ind(7T) = ex. , x2 , . . .  , xn) to avoid any 
confusion . 

Theorem 2 . 1 . 1[ 1f =  x 1 x2 . . .  x2 is an n-permutation, then 

� I  
rank(1T) = I + L X: k (n-k)! 

k - 1  
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Proof· Let rl = y 1 y 2 • . •  y n be any permutat ion which precedes 1T. Let us 
count the total number of such permutations rl as foUows. Let k be a positive 
integer less than n .  Set y 1 = x 1 for all  i < k.  Choose any j > i such that Xj <xk and 
set y k = xj . Note that we have a total ofx k choices here . For the last n-k elements 
of 1r', we choose any of the (n -k)-pennutations of [ 1  2 ,  . . . . n ]  I [y 1 , y2 , . . . , 
Yk ] . Hence , the number of such permutations 7T1 we can construct corresponding 
to k is xk(n --k)! . Clearly, two distinct values of k will give us non-overlapping 
sets of permutation s that precede 1T. The theorem then follows. 

Theorem 1 solve s our first problem. As an ilJustral ion, if k = 3 1 6415 ,  then 
ind(n) = 203 1 00 and rank(n) = 1 + 2(5 ! )  + 0(4 ! )  + 3(3 ! )  + 1 (2 ! )  + 0( 1 ! )  = 26 1 .  
Thus, the permutation 3 1 642 5 is the 26 l st permutat ion in the lexicographic l ist 
of all  6-permutat ions. 

Finding the permutation with a given rank. 

Lemma 3 . 1 .  Distinct n-permutations have distinct indices. 

Proof' Let n1 = 1 x2 • . •  x0 and n2 = y 1 y2 . • .  Yn be d ist inct n -permuta­
tions. Without loss of general ity� we may assume n1 < rr2 .  Then there exists a posi­
t ive integer k < n such that xk < yk and x 1  = y 1  for all i < k. Let j > k and xj < 
xk .  Then xj = Yt for �me t > k and Yt < Y k ·  It follows that yk � x  k ·  But in addi­
t ion, xk  = Ys for some s >  k and Ys < Y k ·  Therefore Yk > xk and hence ind(rrl ) 
* ind(n2 ) since they differ in their kth element. 

Corollary. Let a 1a 2 . . .  an be an ordered n-tuple of integers suclz that 0 
� a  1 � n-f for each i. Then there exists a unique n pennuration 1T l-Vith fnd(n) = 

a 1a2 . . . an. 

Proof' Consider the set P n of all ordered n-tuples of integers c 1  c2 . . .  en 
where 0 � a 1  � n-i for each i. Note that P n has exactly n !  elements. By the theo­
rem the mapping ind from t11e set of all permutations of 1 .  2, . . . .  n to P n is one­
to-one. It follows that ind is also an onto map since there are exactly n !  n-per­
mutat ions. Hence ,  any element a 1  a2 . . .  a0 of P n is the index of a unique permu­
tation 1T. 

Alt hough the above argument proves the existence of a unique permutation 
with a given index, it does not show us a way of cons1 ructing the permutat ion. We 
shall now develop an algorithm for const ructing the permutation with a given 
index. 

Let a 1 a2 • . .  an be a given index. Let Ci = c � c� , . .  c� = 1 23 • . .  n. Since 
0 � ai � n-i, then i � ai + i � n and hence 1 � ai + 1 � n-i+ I for each i. Define x 1  
to be the (ai + I )  th element of Ci and let C2 = c; c� . . .  c� _ 1  be the {n- 1  )-tuple 
obtained from C 1 by striking out the element x 1 ,  the (a 1 + 1 )  th element. Recur­
sively, we defme Ci = c ! c� . . .  c�_ 1 +2 to be the ordered (n-i+ l )-tuple obtained 
from Ci- 1 by striking xi- 1 out. Since the elements of C1 form an i ncreasing 



Gervacio, n-Permutations 45 

sequence, it is clear that the elements of Ci also form an increasing sequence, for 
each i. Let X 1 be the (at+ 1) th element of ci and form the permutation 1T' = 
x 1  x2 • . .  xn . We claim that ind{7T) = a 1 a2 . . . an . Now, since xi is the (a1+ l )  th 
element of ci and the element of ci form a non.decreasing sequence, it follows 
from the construction of 1T that the n u m ber o f  elements xj of 1r such that j > i and 
xJ > xi is equal to the number of elements of C1 to the left of the (a 1 + l ) th ele­
ment.  Hence, Xj = ai and ind( 7T) = a 1  a2 . . . an . 

Lemma 3.2. Every positive integer r not exceeding n! can be expressed 
n - 1  

uniquely in the form r = 1 + � a,.(n-i}!, where 0 � a1 �n -i for each i. 
I =  I 

Proof· Let 1 � r � n ! .  Then r is the rank of a unique n-permuta tion 1T = 
x 1  x2 . . . xn . Let ind(7r) = a 1  a2 . . . an . · Then 0 � ai � n -i for each i and by Theo­

n - 1  
rem 2 . 1 ,  r = 1 + 1; a1 (n l ) ! . To prove the uniquess of this representat ion, let i = 1 

n - 1  
us suppose r = I + L bi (n - i) ! ,  where 0 � bi � n i for each i. Let b11 = 0. By t he i = J 
corollary to Lemma 3. 1 ,  there exists a unique n permutat ion n' w i t h  ind(7T') = 
b 1 b 2 . . .  bn . Bur rank (1T') = r = rank(7T). I t  follows t hat 1T = rr' since there is a 
uniq ue pennutation wHh a given rank .  From Lemma 3 . 1 ,  i t  follows that bi = a; 
for each i .  

Theorem 3. 1 .  Let r be an integer such that 1 � r � n!. Let r 0 == r 1 and [or 
each i < 11, let q; ami ri be the quotient and remainder, respective�v. obtained by 

ll I 
dil iding ( n -i).' by r;_ 1 .  Then r = 1 + � q ,{n-i)! and 0 � q 1 � n-i j(Jr each i. 

i = 1 

Proof' Consider t he equat ion r 1  __ 2 = qi (n i ) !  + ri .  Suppose that qi > n -L 
Then qi  � n  i+ l ). This implies L h a t  ri _ 2 � (n -- J )! ( n-i+ l ) + r 1 = ( n -i+ l ) ! + ri �  
(n -i+ l )! This is a con tradicUon since ri - J < (n- 1 + 1 ) ! .  

Now, if we add all the equations ri - l = qi ( n  -i)! + ri , where i = 1 ,  2,  . . . , 
n - 1 ,  t hen we get 

n - 2 n - 1  n - 1  
ro + L r. = 1; qi (n-i)!  + L r. I. 1 ' i � 1 i = 1 i = 1 

which implies that 

n - J  
ro = L 

1 = 1 q1 ( n- 1 )  ! + r n - I 

But rn _ 1 = 0 since it is lhe rem ai nder obtained by dividing r n _ 2 by 1 ! . The 
theorem t hen follows since r 0 = r - J .  

Corollary. Let 1 � r � n! and let q 1 ,  q2 . . •  , q11 _ 1  be the integers defined 
in the theorem. Then q 1 q  2 . . . q n . where q n = 0, is the index of the pemuaation 
1T whose rank is r. 
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Example. Find the 6-permutation with rank r = 1 5 . First we deterntine the 
quotients q1• 

1 4  = 0(5 !) + 14 === > ql = 0, 

1 4  = 0(4! )  + 1 4  === > q2 = 0, 

1 4  = 2(3 ! )  + 0 --- > --- q3 = 2, 

2 = 1 (2 !)  + 0 --- > --- 'l4 = 1 ' 
0 = 0( 1 ! ) + 00 === > qs = 0, 

and set q6 = 0. 

Therefore ind(n) = 002 1 00. Let C 1 1 2 3456. Using our algorithm, we have 

0 + 1 

0 + 1 
0 + 1 

1 + 1 

0 + 1 

0 + 1 

= I 

= 1 

= 3 

= 2 
= 1 

= 1 

--- > X ---
1 

== > X 2 
--- > X --- 3 
--- > X --- 4 
--- > X --- 5 
== > X 6 

= 1 st element of C 1 = 

= 1st clement of c2 = 

= 3rd element of c3 = 

= 2nd element of c4 = 

= I st element of C5 = 

= I s t  element of C6 = 

1 

2 

5 

--- > --- c2 
--- > c --- 3 
== > c 5 

4 === > c 3 
3 --- > c6 
6 

Hence 1r = 1 25436 is the 6-permutation with rank 1 5 . 

= 23456 
= 3457 
= 346 

= 36 

= 6 

It should be observed that the computation of the quotients qi is not easy if n is 
large. A much easier method of computation is possible. Suppose 1 � r� n! .  Let r0 = 

r - 1 and let the results of the series of divisions be the following. 

ro = q 1 (n- 1 )! + r 0 � r t H 1 
ro = q2 (n- 1 )! + r 1 0 � r l < (n- 1 )! 

r l = q2 (n-2)! + r2 0 � r2 < (n-2)! 

r2 = q3 (n-3)! + r3 0 � r3 < (n-3)! 

We shall use the fact that for any real number x and any positive integer n,  [x/n ] = 

[ [x] /n] , where [x] denotes the greatest integer not exceeding x (This is not so 
difficult to prove.). 

Consider the following sequence of divisions. 

r0 = q } ( l )  + r 1  

q }  = q2 (2) + r2 

0 � r }  < 1 

0 � r2 < 2 
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qz = q) (3) + r) 

q� _ 1 = q� ( n) + r � 

0 � f3 < 3 

0 < r3 < n 

47 

Observe that qi = [r0/ l ] , q2 = [q i /2 ] = [r0 /2 ! ] , q3 = [q2/3] = [r0/3 ! ] , . . . , 
q� _ 1  = [r0/  (n- 1 )! ] ,  q� = [r0/n! ] = 0. M ultiply the second equation by 1 ! , the 
third by 2 ! ,  and in general multiply equation i + 1 by i ! .  If all the resulting equa-

n - 1  
tions a.re added, we get q i  = q�(n 1 ] + L r� _ 1 + 1 (n-i)! .  But qi  = r0 and q;1 = 

i = 1 
0. Furthermore, 0 � r� _ 1 +2  < n-i+ 1 .  By Lemma 3.2 (uniqueness), it follows that 
r� - i+ l = qi for each i = 1 ,  2 ,  . . .  , n- 1 . 

n - 1  
Example. Represent 1 5  in the form 1 + L qi (n- 1  ) !  , where 0 � q 1  1 = 1 

� n-i for all i. 

We have r0 = 1 4. Then we perform the following divisions. 

1 4/2 = 7,  remainder 0, qs = 0 

7/3 = 2 ,  remainder 1 ,  q4 if 1 

2/4 = 0, remainder 2 ,  q3 = 2 

0/5 = 0, remainder 0, q2 = 0 

0/6 = 0, remainder 0, ql = 0 

So we have 1 5  = 1 + 0(5 !)  + 0(4!)  + 2(3 ! )  + 1 (2 ! )  + 0( 1 ! ). 

4. Lexicographic Enumeration of n-Permutations. 

There are five methods of enUJnerating n-permutations discused in [ 1 ]  , 
namely, the Tompkins-Paige method, the derangement method of M .  Hall, the 
transposition method of M.B. Wells, the adjacent mark method of S .  M .  John­
son, and the lexicographic method of D. N. Lehmer. Of these methods, only 
Lehmer's method lists the n-permutations in lexicographic order. Essentially the 
method consists of listing the n-permutations starting from the one with rank 1 ,  
i.e. , the permutation 1 23  . . .  n ,  and then incrementing the rank by  one until the 
last permutation n . . .  3 2 1  is reached . For each given rank, the permutation is 
determined by means of a neat algorithm but the whole process takes time to 
complete because of the need to compute for the index of the permutation. Here 
we shall find a way to accomplishing the same task without the need for compu­
ting indices. 

Let 11'1 and 7T2 be n-permutations. We say that 11'2 is the successor of 7T1 
if 1T1 < 1T2 and there exists no n-permutation 11' such that 11'1 < 11' < tr2 . Let 11'2 = 

y 1 y 2 . . . y n be the successor of 11'1 = x 1  x2 . . .  xn .  Then by definition, there exists 
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, a positive integer k < n such that xi = yi for all i < k and xk < Yk · Let 1r =  z 1  z2 . . .  
zn be any n-permutation such that 1r1 < 1r. Then there exists a positive integer k' < 
n such that xi = zi for all i < k' and xk, < zk' .  Clearly , k' � k .  Therefore , to find the 
successor of an n-permutation 1r1 , we look for the n-permutation 1r2 such that 
corresponding elements of 1r1 and 1r2 in all positions before the kth , for the maxi­
mum possible value of k .  

Lemma 4. 1 .  Let 1r2 = y 1y2 . . .  y n be the successor of 7r1 = x 1x 2 . . . xn and 
let k be the positive integer satisfying xi = y 1 for all i < k and x k < y k· Then x k 
< x k+ 1 ,  y 1 < y i+ 1 for all i > k and y k is equal to the minimum xi satisfying j > k 
and xi > xk. 

Proof' Suppose xk  > xk + 1 .  Since xi = y 1 for all i < k and x k  < y k ,  it follows 
that Yk = xj for some j > k+ 1 .  Hence, xk+  1 xk+2 . . .  xn is not monotonic decreasing. 
Consequently, there exists a maximum t > such that xt < xt+  1 .  Let 1T' = z 1  z2 . . .  zn 
be the permutation defined by zt = xt + 1 ,  zt+ 1 = x t ,  and zi = xi for all i different 
from t and t+ 1 .  Clearly, 1r1 < 1T. But this is a contradiction since t > k .  That y 1 Fi 
yi+ 1 for all i > k is proven using a similar argument. By definition of successor, y k 
must be equal to the minimwn xj such that xj > xk and j > k .  

Lemma 4. 1 gives us a way of constructing the successor of any given permu­
tation, and hence, an algorithm to enumerate all permutations in lexicographic 
order. We illustrate this by means of an example. Let 1r1 = x 1 x2 . . .  xn = 2 6 1 354. 
The largest k for which xk < xk+2 is k = 4 corresponding to the element 3 .  The 
minimum element to the right of 3 which is greater than 3 is 4. Therefore, the 
successor of 1r1 is k2 = 26 1 435 .  

A computer program in PASCAL that lists in lexicographic order aU  n-per­
mutations is given below. 

Program Permutation ; 
label done, show; 
type values = 0 . .  50; 
var i, j ,  k,  order: values; 

perm : array [0 .. 50] of values; 

Procedure Search ; { determine first element of permutation not equal to correspond­
ing element in the successor} 
begin i :  = order; 

perm [0] : = 0; 
repeat 

end ; 

i :  = i - 1 ;  
until (perm (i] < perm [i + 1 ]  ) ;  (ith element will be changed if it is not 
equal to 0] 
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Procedure Sort Tail {a rrange in increasing order the elements to the right of the 
i th } 
label 
ebgin 

okay: 
end:  

okey� 
if i = order -1 then go to  okay � 
for j : j + 1 to order- J do 

for � :  = j + 1 to order do 
i f  perm l k J  < perm li l then 
begin perm lOJ : = perm [k ] : 

penn [k] : = perm U I � 
perm [j ] : = perm [0 ]  � 

end ; 

Prot:edurc AJjust ; ( in terchange Lhe ith clement and the least clement t o  its right and 
greater t han the i th ] 

begin j :  = i �  
repe<i t 

end : 

j : = j + l �  
until ( perm [j l  > perm l l ] ): 
perm [0) : = perm O J : 
perm [j I : = penn [ i ) : 
perm [ i l  : = perm [0] : 

Procedure Display ·{ w rite on the screen t he pcrmu tation } 
begin for i :  = 1 lo order do 

write ( pcm1 l l l  ,") ;  
w r iteln � 

end : 

end : 
begin 

show : 

done: 
end. 

write tEnter t he order ( J 50): ' ) :  
rcad ln (Order ) :  
for i : = 0 to  order do {Jcline the ini t ial permutat ion 1 23 . . .  n } 

pcrm( i): = i ;  
d isp lay ; 
search: 
if i = 0 1 hen go 1 o done� {end program if there is no more successor } 
sort tail: 
adj u t ;  
go to show; 
write (End of the lexicographic list ! ') ;  
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